Chapter 5 Integration
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6 Letf(x)= ——m—-—-—.
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() Express f(x) in partial fractions.
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(ii) Hence show that J- f(x)dx=1-1In2.
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The function f is defined by f(x) = (Inx)? for x > 0. The diagram shows a sketch of the graph of
y = f(x). The minimum point of the graph is A. The point B has x-coordinate e.
(i) State the x-coordinate of A.
(ii) Show that f"(x) = 0 at B.
(iii) Use the substitution x = e* to show that the area of the region bounded by the x-axis, the line
x = e, and the part of the curve between A and B is given by
[ y
0
(iv) Hence, or otherwise, find the exact value of this area.
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2  Find the exact value ofJ xInxdx.
1
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2 Find the exact value of J xedx.
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10 (i) Prove the identity

cotx — cot 2x = cosec 2x. [3]
%n:
(ii) Show that J. cotxdx = %ln % [3]
in
in
(iii) Find the exact value of J cosec 2x dx, giving your answer in the form a In b. [4]
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The diagram shows the curve y = (3 — x)e™

x-axis at A and the y-axis at B.

and its minimum point M. The curve intersects the

(i) Calculate the x-coordinate of M. [4]

(i) Find the area of the region bounded by OA, OB and the curve, giving your answer in terms of e.

[5]
3 _ = n
8 Letf(x)= — <
(x=1D(x*+1)
(i) Express f(x) in the form
B Cx+D
A+ f;
x—1 x-+ 1
where A. B, C and D are constants. [5]
3
(ii) Hence show that J f(x)dx=1. [4]
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5 (i) Prove the identity

sin” 6 cos” 6 E%(l —cos48). [3]

(ii) Hence find the exact value of

L
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J sin- 6 cos~ 6 d6. [3]
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The diagram shows the curve y = —— and its maximum point M. The curve cuts the x-axis at 4.
(i) Write down the x-coordinate of 4. [1]
(ii) Find the exact coordinates of M. [5]
(iii) Use integration by parts to find the exact area of the shaded region enclosed by the curve, the
x-axis and the line x = e. 5]
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The diagram shows the curve v = e
(i) Find the x-coordinate of M. the maximum point of the curve. [4]

(ii) Find the area of the shaded region enclosed by the curve, the x-axis and the line x = 1, giving
your answer in terms of e, [5]
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8  An appropriate form for expressing (x+ L)(x—2)

A B
+ 5
x+1 x-2

where 4 and B are constants.

in partial fractions is

(a) Without evaluating any constants, state appropriate forms for expressing the following in partial

fractions:
) il
i ——7F+.
(x+4)(x*+3)
(i) 2x+1 N
(x—2)(x+ 2)-
4
b) Show tl =B N W
(b) Show that 3 m x = In>5.
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4 (i) Use the substitution x = tan 6 to show that

] =g
md\': cos26d6.

(ii) Hence find the value of

8 (i) Using partial fractions. find

1

(ii) Given that v = 1 when x = 0, solve the differential equation

dv

™ =¥(4-),

obtaining an expression for v in terms of x.

(iii) State what happens to the value of v if x becomes very large and positive.
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The diagram shows part of the curve y = 2‘ and its maximum point A4. The shaded region R is
x°+

bounded by the curve and by the lines vy = 0 and x = p.
(i) Calculate the x-coordinate of M. [4]
(ii) Find the area of R in terms of p. [3]

(iii) Hence calculate the value of p for which the area of R is 1. giving your answer correct to

3 significant figures. [2]
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6 (i) Use the substitution x = sin® @ to show that
j\/(lfx)dr—IZSi1128d9. [4]
(ii) Hence find the exact value of
1
1
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The diagram shows a sketch of the curve 1 = x2 Inx and its minimum point A/. The cwurve cuts the
x-axis at the point (1. 0).

(i) Find the exact value of the x-coordinate of A4. [4]

(ii) Use integration by parts to find the area of the shaded region enclosed by the curve, the x-axis
and the line x = 4. Give your answer correct to 2 decimal places. |
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8 Letf(x)e — "
(2x + 1)(x + 1)?
(i) Express f(x) in partial fractions. [5]
2
(ii) Hence show that f f(x)dx=2+ 111%. [5]
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The diagram shows the curve vy = xcos2x for 0 € x < 77 The point M is a maximum point.

(i) Show that the x-coordinate of A/ satisfies the equation 1 = 2x tan 2x. [3]

.. . . i1 . .
(ii) The equation in part (i) can be rearranged in the form x = %tan ! (2—) Use the iterative formula
2 X

with initial value x, =04 to calculate the x-coordinate of M correct to 2 decimal places. Give
the result of each iteration to 4 decimal places. [3]

(iii) Use integration by parts to find the exact area of the region enclosed between the curve and the
x-axis from 0 to %Jr. [5]
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5 (i) Express cos 6 + (v/3)sin 8 in the form R cos(8 — o), where R > 0 and 0 < o < iz, giving the
exact values of R and . [3]
1z
- ; 1 1
(ii) Hence show that 5 d6=—. [4]
o (cos8+(v3)sin0) y=

4
7 Lets= | —1 4
i x(4-+vx)

2

2
(i) Use the substitution # = /x to show that / = J. g dur. [3]
1

(ii) Hence show that / = %In 3l [6]
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1  Find the exact value of the constant & for which J. 3

3 Use integration by parts to show that

4
f Inxdx=6In2 -2.

)
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7 Let f(Y):m

(i) Express f(x) in partial fractions.

3
(ii) Hence show that J f(x)dx=3 —%]nZ.
0

[4]
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The diagram shows the curve y=e 2 /(1 + 2x) and its maximum point /. The shaded region between

the curve and the axes is denoted by R.

(i) Find the x-coordinate of M.

[4]

(ii) Find by integration the volume of the solid obtained when R is rotated completely about the

x-axis. Give your answer in terms of 7 and e.

(6]



Oct/Nov 2008

a 1
9  The constant « is such that J xe? dy =6.

]

(i) Show that « satisfies the equation

1

x=2+¢e 7. [5]
(ii) By sketching a suitable pair of graphs. show that this equation has only one root. 2]
(iii) Verify by calculation that this root lies between 2 and 2.5. [2]

(iv) Use an iterative formula based on the equation in part (i) to calculate the value of a@ correct to
2 decimal places. Give the result of each iteration to 4 decimal places. [3]

May/June 2009

10

Y

0

The diagram shows the curve y = x?y/(1 = x%) for x > 0 and its maximum point M.

(i) Find the exact value of the x-coordinate of M. [4]

(ii) Show, by means of the substitution x = sin 6, that the area A of the shaded region between the
curve and the x-axis is given by

A= % Jjﬂ sin® 26 d6. [3]

(iii) Hence obtain the exact value of A. [4]
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=] (i) Prove the identity cos 48 —4cos26 + 3 = 8sin* 6. [4]

(if) Using this result find. in simplified form, the exact value of

1

37
I sin*6de. [4]

1
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The diagram shows the curve v =

X . . . .
and its maximum point M. The curve cuts the x-axis at the
X

point A.
(i) State the coordinates of A. [1]
(ii) Find the exact value of the x-coordinate of M. [4]

(iii) Using integration by parts, show that the area of the shaded region bounded by the curve, the

x-axis and the line x = 4 is equal to 8In2 — 4. [5]
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6 (i) Use the substitution x = 2 tan 8 to show that
'r SN J.&Ecosz 6do. [4]
, (4+x%)? 0

(ii) Hence find the exact value of

2
J.O ﬁ dx. [4]
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4 (i) Using the expansions of cos(3x — x) and cos(3x + x), prove that
%(cos 2x — cos4x) = sin 3xsinx. [3]

(i1) Hence show that
1

jﬂ
L” sin3xsinxdx = 3v/3. [3]
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(i) Express m in partial fractions. [2]

(ii) Using your answer to part (i). show that

2 JIR S D 2]
(x+1D)(x+3))  (x+1)? x+1 x+3 (x+3)%
1
(iii) Hence show that ; dx==L—-1In3 [3]
o (x4 1)%(x+3)? O
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2 Show that f X sinxdx =2 —4. [5]
0
10 (i) Find the values of the constants A, B, C and D such that
| B C D
—=At—+ S+ ——. 5
2(2x—1) ¥ a2 -1 5]
(ii) Hence show that
! B 8 g (e
——dx =2+ 5In(52). 5
i _1.2(1‘._ 1] 2 2 (2?) [ ]
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The diagram shows the curve v = ¢ — ¢ and its maximum point M. The x-coordinate of M is
denoted by p.
(i) Find the exact value of p. [4]
(ii) Show that the area of the shaded region bounded by the curve, the x-axis and the line x = p is
equal to £ [4]
7 (i) Prove the identity cos 36 = 4cos’0—3cos 6. [4]
(ii) Using this result, find the exact value of
%
[4]

T
J cos® 6d6.
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